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LEARN MORE. EARN MORE.





	Program Information
	[Lesson Title]

Central Tendencies and Spread with Money

	TEACHER NAME
	PROGRAM NAME

	
	[Unit Title]

	NRS EFL(s)
4
	TIME FRAME
240 minutes (can be split into 2, 120-minute sessions)


	Instruction 
	ABE/ASE Standards – Mathematics

	
	Numbers (N)
	Algebra (A)
	Geometry (G)
	Data (D)

	
	Numbers and Operation
	
	Operations and Algebraic Thinking
	
	Geometric Shapes and Figures
	
	Measurement and Data
	

	
	The Number System
	
	Expressions and Equations
	
	Congruence
	
	Statistics and Probability
	D.4.1

	
	Ratios and Proportional Relationships
	
	Functions
	
	Similarity, Right Triangles. And Trigonometry
	
	Benchmarks identified in RED are priority benchmarks. To view a complete list of priority benchmarks and related Ohio Aspire lesson plans, please see the Curriculum Alignments located on the Teacher Resource Center (TRC).

	
	Number and Quantity
	
	
	Geometric Measurement and Dimensions
	
	

	
	
	
	Modeling with Geometry


	
	

	
	Mathematical Practices (MP)

	
	(
	Make sense of problems and persevere in solving them. (MP.1)
	(
	Use appropriate tools strategically. (MP51)

	
	(
	Reason abstractly and quantitatively. (MP.2)
	(
	Attend to precision. (MP.6)

	
	(
	Construct viable arguments and critique the reasoning of others. (MP.3)
	(
	Look for and make use of structure. (MP.7)

	
	(
	Model with mathematics. (MP.4)
	(
	Look for and express regularity in repeated reasoning. (MP.8)

	
	LEARNER OUTCOME(S)

· Students will compare and contrast the mean, median, and mode in contextual situations. 
· Students will verbally justify which measure of center is best for a given situation.

	ASSESSMENT TOOLS/METHODS
· Steps 8 and 9 will serve as evidence of student mastery. During Step 8, the teacher should actively listen to partner discussions for signs of understanding or of misconceptions. If students are working alone, the teacher should have students speak out loud as they solve the problem. During Step 9, allow students the opportunity to modify their solutions based on what they learn from watching others present their solutions.

· Exit Slip:  For the exit slip problems, use the following set of numbers: {3, 2, 3, 6, 7, 3, 4}

· Find the mean, median, and mode. (Mean = 4, Median = 3, Mode = 3)

· Calculate the range, five-point summary, IQR, variance, and standard deviation. (Range = 5, five-point summary= (2, 3, 3, 6, 7), IQR =3, Variance = 2.86, St. Dev. = 1.69)
· Which of these eight measures (from exit slip #1 and #2) would stay the same if the 7 were replaced with a much larger number? (Median, Mode, Minimum, and Q1)

	
	LEARNER PRIOR KNOWLEDGE

· Students should be able to perform accurate calculations for exponential equations using order of operations. 
· Students should be able to plot a coordinate pair on the X-Y plane, and then interpolate between points.


	
	INSTRUCTIONAL ACTIVITIES 

1. As you hand out the Vocabulary Sheet to each student, begin a discussion about what the word “average” means and some common uses of averages (sports, school grades, income/salary, prices).  Conclude the discussion with the definition that an average is a single number used to describe the center of a set of data.  Explain to students that they will be exploring three such averages: mean, median, and mode (write each on the board with its definition).  Move discussion toward the meaning of each (mean is what we typically think of as average “what we mean by average,” median is the middle section splitting a highway, and mode is like the common saying “their mode of operation” or the thing someone does most often).  Provide students with a quick example like test averages.  If a student scored 82, 94, 74, 82, and 73 on five tests, his average score would be calculated by (82+94+74+82+73)/5 = 405/5 = 81.  To find the median, first order the sample from least to greatest (73, 74, 82, 82, 94) and then find the number in the middle (82).  For the mode, the number that appears the most often is 82 as it appears twice while the rest of the numbers appear only once. Following that example, write the following numbers on the board: 1, 4, 5, 13, 3, 3, 7, 5, 4, 5 and show students how to find the mean, median, and mode of this set. Explain that these are all different ways of describing the center of a set of numbers (formally known as central tendencies or measures of center). When finding the median, be sure to emphasize the need to order the data from smallest to largest.  Also, with the median, make sure the distinguish between finding the median of a data set with an even number of terms and a data set with an odd number of terms.  For mode, make sure to clarify that while all examples so far have had only one mode, it is possible to have more than one mode.  For example, if we took away a 5 from our data set, we would have 1, 4, 5, 13, 3, 3, 7, 5, 4.  In this set, 3, 4, and 5 all appear twice while the other numbers appear only once.  Since 3, 4, and 5 appear more than once and all tie for the most appearances, they are all considered modes of the data set.

2. Pass out 50 centimeter cubes to each student. To get them familiar with using the cubes, ask them to model the measures of center from Step 1. In other words, how could they use the cubes to figure out the mean, median, and mode of the set? There are two main types of methods the students might use (see Teacher Answer Sheet, Method 1 and Method 2); make sure they see them both (if they only come up with one, show them the other one also). Method 1: Each cube represents 1 unit (one cube would represent 1, four cubes stacked together would represent 4, and thirteen cubes stocked together would represent 13). Using this method, the students will need all 50 cubes to model the problem. To find the median and mode, they must first arrange their stacks in order of height. To find the mean, take cubes from the tallest stacks and place them onto the smaller stacks until all the stacks are as equal as possible (for this problem, they will all equal 5). Method 2: Each cube will represent one number from the data set.  So, we will use 10 cubes in total with a cube representing each number in the data set (use one cube to represent the 1, two cubes to represent the two 4’s, and one cube to represent the 13, and so on). In this case, they will only need 10 cubes, but they will need some way to hold a place for each value (like a meter/yard stick or a simple number line), even the missing values of 2 and 6 (see teacher answer sheet). Using this method, the mode is the highest stack (5), the median is between the 5th and 6th cube from the left (4.5), and they can find the mean by taking a cube from any two stacks and placing both cubes in the middle until all blocks are at the same number (5). There are many ways to do this; one way to do so is: Take a block from 3 and the block at 13 and place them both at 8. Take the block from 1 and the block from 3 and place them at 2.  Take a block from 2 and one block from 4 and place them both at 3 (then repeat).  Take a block from 3 and one block from 5 and place them both at 4 (then repeat two more times).  Take a block from 4 and one block from 8 and place them both at 6 (then repeat). Take a block from 3 and one block from 7 and place them both at 5.  Take a block from 2 and one block from 4 and place them both at 3 (then repeat until all blocks are at 5).  

3. (I do) Teacher models the solution process. Pose this problem to students, “Find a set of five numbers for which (a) the median is 3, (b) the mode is 3, and (c) the mean is 5.” Walk students through the process of creating such a data set using the cubes to visualize your process.  Be sure to emphasize what is needed both visually and computationally to satisfy all three conditions.  There are an infinite number of solutions and you may want to show more than one solution.  (Solution 1, using method 2) You can start by assigning one cube the number 1, one cube the number 2, one cube the number 3, one cube the number 4, and one cube the number 5 to satisfy the condition (a).  Then point out that the mode should be 3, so you can choose any of the non-three cubes and move it to three so you have two cubes at 3 making your mode and median 3.  Using the definition of mean and that you have five numbers, you know the sum of your numbers has to be 25 in order to get your mean of 5, but you must do so without changing the median or the mode.  So, by increasing your maximum number until you get a sum of 25, you will get your mean of 5 without changing your median or mode.  (Solution 2, using method 2) Then using another set of 5 blocks, you can also start with all the blocks at 3 and point out that conditions (a) and (b) are satisfied but the mean needs to be raised to 5 and moving one cube to 13 would satisfy all conditions. (Solution 3, using method 1) Lastly, using 25 cubes, make 5 stacks of 5 that would represent having 5 numbers and a mean of 5.  Then to satisfy the condition of your mode being 3, take two cubes from two of stacks, then rearrange the other three stacks in such a way that none of them have the same number of cubes.  To make sure that the median is 3, you have to make sure that at least one and no more than two of the non-three stacks smaller than 3; placing the removed cubes onto any of the other non-three stacks in such a way as not to have any other stacks (other than your two stacks of three) have the same amount of cubes.  

4. (we do) Teacher and students collaboratively work through the problem.  Pose this problem to students, “Find a set of 7 numbers for which (a) the median is 6, (b) the mode is 2, and (c) the mean is 5.”  Have students discuss aloud as to which method they want to use (either one is fine), and work your way through the problem. You may want to start with the mode and ask yourself out loud what it means to “keep the mode the same.” When you feel you have an answer, make sure you go back through and check whether the median, mode, and mean of your modified set meet the requirements of the problem. Be sure to comment that this is not the only correct solution.  Then pose the question “How could I change this set of numbers, so that (a) the median stays the same, (b) the mode stays the same, and (c) the mean decreases?”  Again, there are multiple solutions to this question, but the easiest way is by decreasing any data point besides a two or six while being sure the order has remained the same to keep 6 the median and the mode is still 2.  For example, consider the data set 1, 2, 2, 6, 7, 8, 9; the only number that you can decrease without changing the mode or median is the 1; making it 0 would decrease your mean and keep the median 6 and mode 2.  Another example would be 2, 2, 2, 6, 7, 8, 8; then you would not be able to decrease any of the two’s as there are 2 eights, so you have two options, change the 7 to a six, or change one of the eights to either a 7 or a six.  If you decrease the number to anything lower than 6, you will change your median.

5. (you do) Students independently work through the problem. Pose this problem to students, “Change your current set of numbers, so that (a) the median decreases, (b) the mode stays the same, and (c) the mean increases.” Allow students to choose a starting point for the problem, but if they struggle to decide, suggest that they begin with the mode again. The key learning point in Step 5 is that the mean is affected by how far each block is from the center, whereas the median is only impacted by whether a block is to the right or the left of the center.

Teacher note: If you need to split this lesson into two parts, this would be a natural spot to split.  Provide students with task 3.  If you have level 3/4 students in the class, you may want to save the calculations of variance and standard deviation in steps 6–8 for a later lesson, or skip them in exchange for more time with the other calculations. When calculating variance and standard deviation, it may be most helpful to set up a chart where the columns are labeled as follows: Original data points, Deviation from mean (subtract the mean from each point), and Squared deviations (square each number from the previous column). The variance is then the mean of the numbers in the final column. The standard deviation is the square root of the variance. For this level, it is sufficient to understand how to carry out the calculation procedure (Excel is an excellent resource for these calculations if available; see spreadsheet in teacher resources).

6. A second group of measurements are called measures of spread. Examples are range, five-number summary, interquartile range (IQR), variance, and standard deviation of this set. If there are any terms that the students are not familiar with, give them the definition from the Vocabulary Sheet. Using the original set of numbers (1, 4, 5, 13, 3, 3, 7, 5, 4, 5), work through the calculation of each of these five measures. The five-number summary will probably be new to many students. It is important to note that it is easiest if the numbers are placed in order from smallest to largest.  List the five numbers next to the set of numbers in order (min, Q1, med, Q3, and max). It would be worth mentioning the fact that the minimum is also known as Q0 (starting point), the median is known as Q2 (second quarter point), and the maximum is also known as Q4 (fourth quarter point).   It may be easiest to start by finding the median, and then visualizing it as a wall that separates two sets of data (1, 3, 3, 4, 4 on one side and 5, 5, 5, 7, 13 on the other). Now find the median of the first set of numbers (this number is Q1, quartile one, or the number that sits at the one quarter point of the data set) and then the median of the second set of numbers (this is Q3, quartile three or the number that sits at the three quarter point of the data set). Everything else can be calculated directly from the definitions (five-number summary: 1, 3, 4.5, 5, 13; range: 12; IQR: 2; variance: 9.4; standard deviation: 3.07).  It may be helpful to explicitly call attention to and discuss the relationship and difference between variance and standard deviation.

7. Take away one of the 5’s from the set of numbers in Step 6 and ask students to calculate the three measures of center and the five measures of spread (mean: 5; mode: 3, 4 and 5; median: 4; five-number summary: 1, 3, 4, 6, 13; range: 12; IQR: 3; variance: 10.44; standard deviation: 3.23). If students seem proficient at calculating the six measures, move on to the application in Step 8. If not, ask them to find the six measures on the following set of numbers: 1, 1, 1, 2, 5, 6, 7, 7, 10, 10 (mean: 5; mode: 1, median: 5.5; five-number summary: 1, 1, 5.5, 7, 10; range: 9; IQR: 6; variance: 11.6; standard deviation: 3.41).   

8. (you do).  Handout the Expected Salaries and Paying Bills tasks. Depending on your class dynamics, either partner students together or have them work individually. Before you pass out the task, explain that you want the students to tackle these problems as independently as possible, using their partner to check answers after they have produced a solution. After passing out the handouts, walk around the room silently monitoring the students’ progress. When you see them run into difficulties, try not to answer their questions directly; instead, remind them of similar situation from the examples given earlier. 

9. Have each student (or pair) share both the process they used and their final comparisons. When students disagree, do not immediately provide the correct answer; allow each student or pair to try to convince the other first.
	RESOURCES

Student copies of Vocabulary Sheet (attached) 

Centimeter Cubes for student use
Teacher Answer Sheet (attached)

Calculators for student use
Student copies of Expected Salaries and Paying Bills (attached)



	
	DIFFERENTIATION



	Reflection
	TEACHER REFLECTION/LESSON EVALUATION



	
	Additional Information

Next Steps

Following this lesson, students can be introduced to a box and whisker plot (most common way of graphing five-number summaries) and explore how different types of graphical displays (bar graphs, line graphs, box and whiskers, etc.) Can display the same data differently and help downplay or emphasize each of the measures discussed in this lesson.  Another possibility is exploring the advantages and disadvantages of each measure and when some are more appropriate to use than others.
Purposeful/Transparent

This lesson starts with simple visualizations (interlocking cubes) of measures associated with central tendencies and spread, and progresses to critical everyday situations such as salaries, bills, and financial planning. Starting with simple visualizations and calculations will allow students to gain understandings of the similarities and differences between each of the measures allowing them to grasp the importance of each in relation to real life situations.
Contextual

This lesson centers on two important ways of describing financial data: central tendency and spread. For any member of society, and presumably all able learners, this is an important topic for gaining financial understanding and avoiding misperceptions of published data.
Building Expertise

Students will build on their simple understanding of calculating the mean, median, and mode to understanding how each of them is affected by individual data points. Moreover, they will learn to make decisions based on this understanding of central tendency.



	Original data points
	Deviation from mean
	Squared deviations
	
	Formulas
	Original data points
	Deviation from mean
	Squared deviations

	1
	-4
	16
	
	
	1
	"=F2-AVERAGE($F$2:$F$11)"
	"=G2^2"

	4
	-1
	1
	
	
	4
	Copy and paste the above (without parentheses) into each cell
	Copy and paste the above (without parentheses) into each cell

	5
	0
	0
	
	
	5
	
	

	13
	8
	64
	
	
	13
	
	

	3
	-2
	4
	
	
	3
	
	

	3
	-2
	4
	
	
	3
	
	

	7
	2
	4
	
	
	7
	
	

	5
	0
	0
	
	
	5
	
	

	4
	-1
	1
	
	
	4
	
	

	5
	0
	0
	
	
	5
	
	

	
	Variance
	9.4
	
	
	
	Variance
	"=AVERAGE(H2:H11)"

	
	Standard Deviation
	3.07
	
	
	
	Standard Deviation
	"=SQRT(H12)"


Vocabulary Sheet
Average ​– one number used to describe the center of a set of numbers.  “Average” commonly refers to the arithmetic mean.

Conjecture – an educated guess based on incomplete evidence.

Five Number-Summary – minimum, Q1, median, Q3, and maximum.

Interpolate – to estimate the y-values for all x’s in between the minimum and maximum x-values. 

Interquartile Range (IQR) – Q3 minus Q1.

Mean – the sum of a set of values, divided by the number of elements in the set.

Median – the middle number in an ordered set (if the number of elements is odd) or the mean of the two middle numbers of an ordered set (if the number of elements is even).

Mode – the element(s) in a set which occur with the highest frequency. Note that there may be more than one mode (for example, the set 1, 2, 2, 3, 3, 4, 4 has three modes: 2, 3, and 4). 

Quartiles – the minimum is the smallest number in a set, Q1 is the number at the one quarter point of a ordered data set (i.e., the median of all the numbers before the median), the median of the set, and Q3 is the number at the three quarter point of a ordered data set (i.e., the median of all the numbers after the median), and the maximum is the largest number in the set.

Range – maximum minus minimum.

Standard Deviation – a measure of how far, on average, data points are from the center. Standard deviation is measured in the original units (for example, a set of heights measured in inches would have a standard deviation in inches also). Calculated by taking the square root of the variance.

Variance – The average squared distance from the mean. Calculated by (a) subtracting each data point from the mean, (b) squaring this difference, (c) adding up all the squared differences, and (d) dividing by the amount of data points in the set.

Expected Salaries
Joe has received an associate’s degree and is now looking for a workplace. He is considering three companies--Company A, Company B, and Company C. Each of the companies has published some salary information about their staff (See Table 1).  Use this table to answer the following questions.


[image: image1]
1.What is the range and interquartile range (IQR) for each company's staff salaries?
2.In each of the companies, the median salary is lower than the mean salary. What does this indicate?
3.Create a graph that effectively displays and compares salaries from the three companies.
4.In which company does the management probably get paid the best? Justify your answer.
5.Why could it be misleading for the companies to only publish the mean salary?
Paying Bills

Roberta has been receiving offers in the mail to enroll in a fixed-rate billing program. She has collected her monthly bill totals in a spreadsheet (See Table 2) and is now reviewing the offers.  Use this table to answer the following questions.

Table 2 
Monthly Bills for Various Services in 2011
	
	Jan
	Feb
	Mar
	Apr
	May
	Jun
	Jul
	Aug
	Sept
	Oct
	Nov
	Dec

	Electric
	40
	43
	45
	48
	55
	63
	75
	78
	70
	46
	44
	43

	Gas
	65
	60
	66
	48
	20
	24
	23
	18
	22
	24
	38
	55

	Water/Sewer
	15
	30
	15
	15
	15
	30
	15
	15
	30
	15
	15
	15

	Cable/Internet
	55
	55
	55
	55
	55
	55
	55
	55
	55
	55
	55
	55


1.What is the five-point summary, range, interquartile range (IQR), variance, and standard deviation for each of the four types of services?
2.Offer 1 allows Roberta to pay the mean price for each service each month. Without calculating, decide whether she would save money in comparison with her current payment plan. Justify your answer and check by actually calculating the amount paid.

3.Offer 2 allows Roberta to pay the median price for each service each month. Calculate how much she would pay for each service.

4.Should Roberta choose one of the offers or just pay the amount of each service every month? Use your answers from questions 2 and 3 to justify your answer.
Teacher Answer Sheet

From the Lesson Plan
Step 2

[image: image2]
Expected Salaries Task Answers 
1.Company A: median = $30,000; range = $21,000; IQR = $11,000 

Company B: median = $27,000; range = $39,000; IQR = $5,000 

Company C: median = $33,000; range = $25,000; IQR = $6,000

2.This suggests that the salaries are not equally distributed; in other words, more than half of the employees earn less than the mean salary. (Simply put: The high management salaries are distorting the mean.)

3.            
[image: image3]
4.Company B. Management would likely be the highest few salaries in the company and Company B has the highest maximum salary (plus, because Company B has the highest mean and yet is less than the other two companies on minimum, Q1, median, and Q3, we know that the top 25% of salaries must be very high).
5.In an asymmetric distribution (like with salaries), the mean is not representative of the typical salary.

Paying Bills Answer

1.Electric: Five-point summary = {40, 43.5, 47, 66.5, 78}, range = 38, IQR = 23, Var = 172.8, St. D = 13.1

Gas: Five-point summary = {18, 22.5, 31, 57.5, 66}, range = 48, IQR = 35, Var = 331.6, St. D = 18.2

Water/Sewer: Five-point summary = {15, 15, 15, 22.5, 30}, range = 15, IQR = 7.5, Var = 42.2, St. D = 6.5

Cable/Internet: Five-point summary = {55, 55, 55, 55, 55}, range = 0, IQR = 0, Var = 0, St. D = 0

2.Paying the mean price each month would be the same as paying the actual price each month as it is just the sum divided by 12 and making 12 payments of the mean price would give you the sum ($650 for Electric, $463 for gas, $225 for water/sewer, and $660 for cable/internet.
3.$47 *12 =$564 for electric, $31*12=$372 for gas, $15*12=$180 for water/sewer, and $55*12=$660 for cable/internet.

4.Roberta should choose option 2 as paying each month and option 1 both costs a total of $1998 and option 2 only costs a total of $1776.

Table 1�
�
Staff Salaries at Three Companies in 2010 (in thousands of dollars per year)�
�
Company A�
Company B�
Company C�
�
Mean	36	38	35


Minimum	24	21	25


Q1	26	25	31


Median	30	27	33


Q3	37	30	37


Maximum	45	60	50�
�
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